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Tables for Facilitating the Determination of 
Empirical Formulae. 

By A. W. Hale. 



By making the intervals between observations constant and equal to unity, 
the calculation of empirical formulae may be abridged. 



Put 



x = the independent variable 
y = " dependent " 

x 1 , x 2 , x 3 ; iji ,3/2,2/3, &c. = observations 
m = number of observations 

a 1( a 2 , a 3 ; b lt b 2 , b 3 , &c. = undetermined coefficients 
[2] = 21+22 + 23, &c. 

[zu\ = Z x M x + 22 U 2 + 2 3 U 3 , &C. 
[2 2 m] = 2?^! + zlllz + 2| U 3 , &C. &C. 

a 2 — Xi= x 3 — x%= x 4 — x 3 , &c. 

7/ = ■«! + a 8 a; + a 3 a^. . . + a„ + ijc" 
« = 2/ — 2/i 



«= 6j2 + & 8 2*+ . 
«j= ^2!+ 5 2 2l + 

'^= 6^2+ h4 + 



+ b n Z* 
• • + M? 
• + M? 



y 



u«= hz n + bA + . . . + &.X 
Multiplying equations (4) successively by the coefficients of b x , b 2 
adding the results of each multiplication, we have • 

[*tt] = [2*] b, + [2 s ] h + • • • + [V + 1 ] K 
[2 2 «] =[2 3 ]&!+ [2 4 ]6 2 + • • • + [3" + 2 ]6„ 



(1) 

(2) 
(3) 

(4) 

b n and 



[ z -«] = [ s » + i]6 1+ [ 2 « + 2 ]ft 2+ . . . + [g*.]^ 



I- 



(5) 
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Putting n = 2 we have from equation (3) 

u=b 1 z + b i z i (6) 

and from equations (5) 

[zu] = [z>]b 1 +[z*]\) () 

[ 2 2 «] = [ 2 3 ]6 1 +[ Z 4 ]&J K ' 

Solving equations (7) with respect to b t and b % and substituting the values of 
&! and b % obtained in equation (6) after putting 

...'_W_._- a M.= a El = y 



(10) 



MM-W ' 0*] " M 

we have 

« = a{ (|3 [zu] — [z*u])z + (y [«?«] — [«*])*} (8) 

By equations (1), (2) and (8) and the following table (1) in which the values 
of a, /? and y are given for values of m from 5 to 26, a value for y may be 
found corresponding to any assumed value of x. 

Putting n = 3 we have from equation (3) 

u = b 1 z + b i z 2 +b 3 z 3 (9) 

and from equations (5) 

[zu] = [z*]b 1 +[z*]b i +[z*]b s ~ 
[z*u] = [z 3 ]b 1 +[z i ]b i +[z*]b 3 

[z*u]=[z i ]b 1 +[z*]b i +[z t ]b 3 
Solving equations (10) with respect to b lt b % and b 3 , after putting 

M (H l> 6 ] + 2 M M - M') - (M W + 0T M) = <■* . 

([^][ 2 6 ]-[Y][> 5 ])/(7:=0, ([^][ 2 6 ]-[3 4 ] 2 )/C= x , D/A=X, B/D=n, C/D=v, 
we have 

6 1= S(e [«*] — £[z 2 w] + [*»«]) 

6 2 = — ^(0 [jw] — x (V M ] + [a» tt ]) 

6 3 = h(ft [zu] — v [z*u] + [rfu]) 
By equations (1), (2), (9) and (11) and table 2, in which the values of 
8, s, £, &c, are given for values of m from 9 to 26, a value for y may be found 
corresponding to any assumed value of x. 

Whether an empirical formula derived from a series of observations will 
involve the third power of the variable or not, is shown by simply putting the 
third equation of equations (11) 

6 3 = X(ji [zu] — v [z*u] + [a 3 ^]) = 0, 



(11) 
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whence 



v[z % u] — ii[zu] = 
Example 1. 



[z s u] 



(12) 



1 


2 
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4 


5 


6 


7 


8 


m 


y 


X 


u 


z 


zu 


z*u 


z*u 


1 


5 


4 

















2 


10 


6 


5 


1 


5 


5 


5 


3 


21 


8 


16 


2 


32 


64 


128 


4 


38 


10 


33 


3 


99 


297 


891 


5 


61 


12 


56 


4 


224 


896 


3584 


6 


90 


14 


85 


5 


425 


2125 


10625 


7 


125 


16 


120 


6 


720 


4320 


25920 


8 


166 


18 


161 


7 


1127 


7889 


55223 


9 


213 


20 


208 


8 


1664 


13312 


106496 


4296 


28908 


202872 












[**] 


[«*»] 


[z 8 m] 



In column 1 are given the number of observations m ; in columns 2 and 3 
the observations y x , y % , Xx, x%, &c. The figures in column 4 are calculated from 
the figures in column 2 by equation (1) by subtracting the value of y for m = 1 
from the following values of y successively. Column 5 is calculated from 
column 3 by equation (2) and is in all cases the series of consecutive numbers 
, 1 , 2 , &c. Columns 6 , 7 and 8 are the products of column 5 and columns 
4, 6 and 7 respectively. 

By equation (12), the footings of columns 6, 7 and 8, example 1, and the 
values of (i and v for m = 9 , Table 2, we have 

llf$rX 28908 — 28^VX 4296 = [s 3 ?/] 
i. e. 202872 = 202872 

The empirical formula for example 1 does not, therefore, involve the third 
power of the variable. 

By equation (8) , the footings of columns 6 *&nd 7 , example 1 , and the 
values of a, (3 and y for m = 9, Table 1 , we have 

a /? [zu] [tfu] y [fu] [zu] 

« =.0118 1 (6.7685 X 4296 — 28908)2 4- (.1574X28908 — 4296)g 8 } 
whence «=2s+3a 2 (13) 
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By equations (1), (2) and (13) 
y — 2/i= 2 ; 



+ 3 






(14) 



By equation (14), example 1, columns 2 and 3 for m = 1 and 2, we have 

whence y = 13 — 5a; 4- Ice 2 (15) 

Example 2. 
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300 


1500 


7500 


7 


124 


21 
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720 


4320 


25920 
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214 


24 
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72030 
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336 
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172032 
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By equation {12), the footings of columns 6, 7 and 8, example 2, and the 
values of fi and v for m = 9 , Table 2, we have 

v [z 2 m] |K [zm] 

llfWx 38052, — 28 T VgX5292, = [z 3 u] 
i-e. 277345 T W < 279180. 

The empirical formula for example 2 therefore involves the third power of 
the variable. 

By equations (11), table 2, for m = 9, and the footings of columns 6, 7 
and 8 , example 2 , we have 

&!=. 0153(33.5593X5292— 12.00055X38052+ 279180) =2, 
b 2 = —.0061(30.2857X5292— 11.5357x38052 + 279180) = — 3, 
b 3 =. 00054 (28. 33945X5292— 11.2294X38052 + 279180)= 1 
Substituting these values of b lt b % and b 3 in equation (9), we have 

u = 2z — 3z 2 + z 3 



(16) 



Vol. V. 



(17) 
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By equations (1), (2) and (17) we have 

x 2 — #i \x 2 — xj \x 2 — Xj/ 

By equation (18) and example 2, columns 2 and 3, 



we have 



y 



~ x — 3 „ /ar— 3\ 2 , /» — 3\ 3 
4=2 6=3- 3 (6^) + (6^3) 



11 



#= — H-g-K- 



3 x 2 + 27 a 3 



(18) 
for m = 1 and 2 , 

(19) 



whence 

The first and second differential coefficients of y, equation (19), placed equal 
to zero give a minimum value for y, y=3.62, a;=7.73, and a maximum 
y = 4.39 , x = 4.27 , and the point of inflexion x = 6 , y = 4 . 

In the following tables, repeating decimals are indicated by a dot or bar. 

In table 2, in column 2 one, in column 5 two, in column 8 three zeros on 
the left are omitted, and the tabular numbers in these v columns are to be divided 
by 10, 100, and 1000 respectively. 

Table I. 



1 

m 


2 


3 


4 


a 


P 


r 


5 


.161290 


3.54 


.3 


6 

7 


.069876 
.035156 


4.351 
5.15873 


.24 


.206349 


8 


.019607 


5.96428 


.17857142 


9 


.011795 


6.76851 


.15740 


10 


.007520 


7.57185 


.1407 


1 


.005020 


8.3745 


.127 


2 
3 
4 
5 


.003478 
.002486 
.001824 
.001369 


9.176 

9.97863 
10.78022 
11.58158 


.116 


.1068376 


.098901 


.0920634 


6 


.001047 


12.3827 


.0861 


7 


.0008149 


13.18382 


.08088235 


8 


.0006435 


13.984706 


.026 252723 


9 


.0005149 


14.785575 


.072124756 


20 
1 

2 


.0004169 
.0003412 
.0002819 


15.586315 
16.386984 
17.187590 


.068421052 


.0650793 


.062049 


3 


.0002349 


17.988142 


.059288537 


4 


.0002197 


18.788647 


.056763285 


5 


.0001670 


19.5891 


.054 


6 


.0001423 


20.389538 


.05230769 
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